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Abstract 

Some authors have recently found that the tunnehng approach gives a different Hawking temper- 
ature for a Schwarzschild black hole in a different coordinate system. In this paper, we find that to 
work out the Hawking temperature in a different coordinate system by the tunneling approach, we 
must use the correct definition of the energy of the radiating particles. By using a new definition of 
the particle energy, we obtain the correct Hawking temperature for a Schwarzschild black hole in two 
dynamic coordinate systems, the Kruskal-Szekers and dynamic Lemaitre coordinate systems. 
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ll| used the complex path analysis that was developed by Mann et 
131]. In this method, the semiclassical propagator K{r2,t2', ri,ti) in (1 + 1) dimensional 
Schwarzschild spacetime is K{r2,t2]ri,ti) = A^exp (|J(r2, '"i, ^i)) , where I is the classical 
action of the trajectory to leading order in h for a massless particle to propagate from (ti, ri) to 
{t2,r2) and is constructed by using the Hamilton- Jacobi frame. iV is a suitable normalization 
constant. We can separate variables / = —Et + W{r) due to the symmetries of the spacetime, 
where E is the energy of particle. This action acquires a singularity at the event horizon in 
analogy with the quantum tunneling process in quantum mechanics. In semiclassical quantum 
mechanics, this singularity is regularized by specifying a suitable complex contour [s']. In the 
case of a black hole [9!], we should take the contour to be an infinitesimal semicircle above the 
pole r = th for outgoing particles {dr-I > 0) on the left of the horizon and ingoing particles 
{dri < 0) on the right; similarly, for the ingoing particles on the left and outgoing particles on 
the right of the horizon (corresponding to the time reversed situation), the contour is below 
the pole. After integrating around the pole, we find that the action /(r2, ^2; '^i, ^1) is complex, 
so the probability F oc e~^^™^ and the probability of the emission of particles are not the same 
as the probability of absorption, the ratio is F [emission] = e~^'^*^'^F [absorption]. This result 
shows that it is more likely for a particular region to gain particles than lose them. Further, 
the exponential dependence on the energy allows one to give a 'thermal' interpretation to this 
result. In a system with a temperature T^, the absorption and the emission probabilities are 
related by 



F[emission] = e '^''^^F [absorption]. 



:i.ii 



The above relation can be interpreted to be equivalent to a thermal distribution of particles 
in analogy with that observed in any system interacting with black body radiation. Then, the 
standard Hawking temperature is recovered. 

However, in the case of a black hole, the action for ingoing particles should be real, so we 
employ a normalization condition on the action /' = I{r2,t2]ri,ti) + K, where K can be a 
complex constant that ensures that the imaginary of action for ingoing particles is equal to 
zero. Thus, the probabilities are 



F [emission] oc e 



-2Im[/4 



F [absorption] oc e' 



-2Im[/_ 
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the ratio is 

r[emission] = e-^l^'^^+'^'^^-lr [absorption], (1.3) 

then 

where I± are the square roots of the relativistic Hamilton- Jacobi equation (14. 3p corresponding 
to outgoing and ingoing particles. 

Using this method, some authors recently found that the tunneling approach gives a differ- 
ent Hawking temperature of the Schwarzschild black hole using different coordinates. These 
coordinates are all stationary metrics; but what about non- stationary metrics? If one em- 
ploys non- stationary metrics, e.g. the Kruskal-Szekers coordinates or dynamic Lemaitre co- 



ordinates, some other amazing facts come to light. For example, in Ref. HI], the authors 
pointed out that "In the case of Kruskal coordinate [sic], which is the maximal extension of 
Schwarzschild spacetime, it is easy to show that the semiclassical action when expressed in 
terms of Kruskal coordinates does not contain the singularity. (The HJ equation (of a mass- 
less particle) when expressed in terms of the Kruskal coordinates (V, U, 6, ip) is of the form 
{dSo/dVy — (dSo/dU)^ = (for S-wave, i.e. / =0). The solution of the equation can be easily 
obtained and is given by ^0(^2, U2; 14, Ui) = So{2, 1) = -pviVi - VI) ±puiU2 - f/i).)" That is 
to say, the Hawking temperature cannot be recovered! As for dynamic Lemaitre coordinates, 
the authors [lli] used the transformations U = 3{R* - r*)/4M and V = 3{R* + t*)/AM, 
which already change the primitivity of this coordinate system. It is easy to see that these 
transformations will gives the line element 

ds^ = [(1 - U-^'^){dV^ + dU'') - 2(1 + U-^/'')dVdU] 

9 

+m^U^/\de^ + sm^9d^^). (1.5) 

Obviously, in the outer region R* —r* > 4M/3, the metrics are gw = 9uu < 0, whereas in the 
inner region R* — r* < AM/3, the metrics are gw = Quu > 0. That is, the time-like/space- 



like character of 1/ or f/ are reversed again when they cross the horizon. In Ref. [13|], the 
authors studied the Dirac particle radiation in the Kruskal coordinates by mathematically 
setting = N^Xdr + Tdx) and = —E. Yet, its physical meaning was not specified. 

How can we obtain the correct Hawking temperature of a black hole in different coordinates? 
We learn from the formulism (11.11) that if the energy of the particles E is incorrect, we cannot 
find the correct Hawking temperature. Therefore, first of all, we should clarify the energy of 
the radiating particles in different coordinates. In this manuscript, we will study the problem 
carefully. 
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The paper is organized as follows. In Sec. II, the different coordinate representations 
for the Schwarzschild black hole are presented. In Sec. Ill, the expression of the particle 
energy is presented. In Sec. IV, the Hawking temperature of the Schwarzschild black hole 
from scalar particle tunneling in Kruskal-Szekers coordinates is investigated. In Sec. V, the 
Hawking temperature of the Schwarzschild black hole from scalar particle tunneling in dynamic 
Lemaitre coordinates is studied. The last section is devoted to a summary. 

II. COORDINATE REPRESENTATIONS FOR A SCHWARZSCHILD BLACK 
HOLE 

In standard coordinates, the line element of Schwarzschild black hole is 

ds^ = _(l - '^)df + -^j^dr^ + r'de^ + sin^ Odip'', (2.1) 

r 

with an event horizon vh = 2M. We introduce two different coordinate representations for the 
static black hole below. 



A. Kruskal-Szekers coordinate representation 

The Kruskal-Szekers coordinate transformation is 

when r > 2M, r = x/^-l e''/^^ sinh(— ), i? = xl^-l e''/^^^ cosh(— ), 

whenr<2M, r= ./l - — e'-Z^^coshf— ), i? = J 1 - — e'/^^ smh(—). (2.2) 

The line element (12. ip in four dimensional spacetime becomes 

ds^ = e-^i-dr' + dR^) + r\de^ + sin^ ^#^), (2.3) 

r 

where i? = r at the event horizon = 2M. It is easy to see its metric Qf^^, is the function of 
r, R and 6, so it is a dynamic coordinate system. In this coordinate, its coordinate singularity 
has been removed, r is a time and i? is a space coordinate inside and outside the horizon. 



4 



B. Dynamic Lemaitre coordinate representation 



The dynamic Lemaitre coordinate representation is 33 1 



+{2My 



3 
AM 

3 
AM 



{R* - r*) 



(R* - T*) 



-2/3 



dR 



*2 



4/3 



(de^ + sm'^9dip^), (2.4) 



where R*—t* = AM/3 at the event horizon th = 2M. In this coordinate system, the coordinate 
singularity has also been removed. The proper time is equal to coordinate time, the i?*-axis 
is a spatial axis and the r*-axis is a temporal one not only inside but also outside the event 
horizon. The geodesic of the particles is continuous at the horizon. 



III. THE DEFINITION OF THE ENERGY OF RADIATING PARTICLES 

According to quantum fields in curved spacetime, it is well known that one can define the 
particle energy as long as the spacetime has temporal-translational invariance and this energy 
is conserved. In standard coordinates, line element (12. ip obviously has temporal-translational 
invariance, so the particle energy is E = —dtl, where / is the particle action, which can be 
found via separating variables I = —Et + I'{x). However, the line elements (12. 3p and (12. 4p do 
not have this temporal-translational Invariance; therefore, dri is not a constant of the motion. 
However, the particle energy should be a conserved quantity, so the key problem is how to find 
the expression of the particle energy in different coordinate systems. 

As mentioned in [3j], for the particles moving along a geodesic, the scalar product between 
the time-like Killing vector and the particle four-momentum = mdx^/dX is a constant, i.e. 

^^p^ = constant. (3.1) 

Furthermore, this quantity C.^p'^ is not only a conserved quantity along the geodesic, but also 
an invariant quantity in different coordinates. In a word, this quantity is a good one and we 
can use it to define the particle energy in different coordinate representations. 
Consider the following Lagrangian of the massive radiating particle. 

, 1 clxf" dx" 

where A is an affine parameter defined along the geodesic. Constructing the action function 
I = J LdX, the possible physical process demands that, for variations 61 = 0, one can obtain 
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the Euler-Lagrangian equation 



d ( dL\ dL 



d\ V dx^^ ) dx^ 



j - 937 = 0. (3.3) 



where the overdot represents derivation with respect to the affine parameter A. From the 
Euler-Lagrangian equation ( 13. 3p . the respective conjugate momentum is 

dL f dL d 



and the constant ^^p'^ = ^^p^ = i'^d^L In the standard coordinate representation (12. ip . the 
time-hke KiUing vector is = (1,0,0,0), and the metric tensor is independent of the time 
coordinate t. Uing the Lagrangian nomenclature, t is a cyclic coordinate, pt is the conjugate 
momentum, and the particle energy E is the projection of four-momentum on the time-like 
tetrad. Thus, E = —pt = —dtL For this case, E = —dtl = —^^d^I = —^^p^, hence this 
constant can be defined as the particle energy, i.e. 

E = -ep,. (3.5) 

When the particles travel from the exterior region to interior region, the Killin g ve ctor changes 



its character into space-like, but the numerical value of ^'^Pfj, is still conserved 35 1. 



In the Kruskal-Szekers coordinate system, using transformation ( 12. 2p . the Killing vector is 

e = =(^,1^, 0, O] . (3.6) 



dx''^ V4M' AM 
Then, the energy of test particle is 



E = = -edj = ~(—dr + —dR)L (3.7) 

In the dynamic Lemaitre coordinates, the Killing vector is 

^^^=^^ = (1, 1, 0, 0), (3.8) 

and then the particle energy is 

E = -ep, = -ed,I = -(9,. + dR,)L (3.9) 

The significance of this definition is that it specifies our conception of the particle energy in 
different coordinates. We will see that the Hawking temperature can be obtained using this 
expression of the energy. 
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IV. TEMPERATURE OF SCHWARZSCHILD BLACK HOLE IN THE KRUSKAL- 
SZEKERS COORDINATE REPRESENTATION 



In this section, we use the energy definition above in the study of the Hawking temperature 
of the Schwarzschild spacetime by employing the Kruskal-Szekers coordinates fl2.3p . 
Applying the WKB approximation 

0(r, R, e, if) = exp [-^/(r, R, 6, ^) + h{T, R, 6, ^) + 0{h)'^ (4.1) 



to the Klein-Gordon equation 



[^g^-d,cf\ -^0 = 0, (4.2) 

then, to leading order in we obtain the following relativistic Hamilton- Jacobi equation 

g'^'d^ldj + = 0. (4.3) 

Now the action / is the Hamiltonian principal function with canonical momentum = d^I, 
and the Hamiltonian H = ^g'^'^PfiPu = ^9^''{'^: Ri ^)Pfj.Pu, so the time r is not the coordinate 
that can be disregarded. The momentum Pr = 8^1 is not a constant, and we cannot separate 
r from R in the action I as in the Refs. 28|, |29(]. In this coordinate representation, there exists 
a solution of the form 

I = Io{t,R) + J{9,v) + K. (4.4) 

Inserting Eq. (14.41) and the metric (12. 3p into the Hamilton- Jacobi equation (14.31) . we obtain a 
partial differential equation 

[-{drhf + [dRhf] + g^'J^J, + = 0. (4.5) 



32M3 

Using Eq. (ETD, substituting dJo = -^{E + ^OrIq) into Eq. (|45]), we obtain 



AMEt ± RJim^E'^ - \R^ - r21 e'^ ig'i JiJ.-, + m?) 
{dnioh = ^ ' ^4-6) 

where i,j = 0,(p] Ji = dil. One solution of the Eq. (14.61) corresponds to the scalar particles 
moving away from the black hole (i.e. "+" outgoing), and the other solution corresponds to 
particles moving toward the black hole (i.e. "-" incoming). To find the relation between the 
total differential coefficient dlo and the partial differential coefficients drio or OrIq, we need to 
know drIo- From Eq. (13. 7p and (14.61) we obtain 



AMER ± tJiGM'^E'^ - [i?2 - r21 e-^ig^^JiJ^ + m?) 

(drloh = ^ • ^^-^^ 
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It is easy to prove 

dnidrlo) = dridnlo), dio = dalodR + drhdr, (4. 
so the definite integration of Jq is 

h = I dnlodR + drhdr 



j OrIq {dR - ^dr) - j —^dr 



(4.9) 



2 J R ^ ' J R 

Imaginary parts of the action can only come from the pole at the horizon, so the second 
integration of Eq. (14.91) is real, which shows that there is no temporal contribution in the 
Kruskal-Szekers coordinate system. Integrating around the pole = r at the horizon leads to 



(Im/o)± = Im 



2 / i?2 -r2 



d{R' - r') 



(Im/o)+ = AtiME, (Im/o)_ = 0. (4.10) 

The probability of tunneling particles is 

r [emission] ^ r_2(Im/+ - Im/_)1 = exp \-8nME] . (4.11) 
r [absorption] ^ + ;j h i J v ; 

Then, we obtain the Hawking temperature 

which shows that the temperature of Schwarzschild black hole is the same as that found in 

\"""\ 

previous work using standard coordinates [111] . 



V. HAWKING TEMPERATURE OF THE SCHWARZSCHILD BLACK HOLE IN 
THE DYNAMIC LEMAITRE COORDINATE REPRESENTATION 

The definition of particle energy can also be used in the dynamic Lemaitre coordinate 
representation. In this section, we study the temperature of the Schwarzschild black hole in 
dynamic Lemaitre coordinates (12. 4p due to scalar particle tunneling. 

We also cannot separate the time coordinate r* from the radial coordinate R* in the form 
of the particle's action, so there exists a solution in the form 

I = Io{r*,R*) + J{9,^) + K. (5.1) 
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Inserting the metric (12.41) and Eq. (15. ip into the Hamilton- Jacobi equation (14.31) . we obtain 



AM 



{R* - T* 



1 2/3 



{dR,Iof + g''J,J,+m^ = 0. 



(5.2) 



Substituting Eq. (13.91) into Eq. (15. 2p . we obtain 



. (5.3) 



[4!7(^*--*)]'^'-l 

One solution of Eq. (15. 3p corresponds to the scalar particles moving away from the black hole 
(i.e. "+" outgoing) and the other solution corresponds to particles moving toward the black 
hole (i.e. "-" incoming). In order to seek the relation between the total differential dlo and 
partial differential dR*Io,dr*Io, we need to find dr*Io- From Eq. (13.90 and (15. 3p we obtain 



E + 



E± 



3 

4M' 



2/3 



[MR* 



It is easy to prove 



Or, {dr*h) = dr* (9/j./o), (Hq = dn*IodR* + d-r^Iodr*, 



(5.4) 



(5.5) 



therefore the definite integration of Jq is 



(^0-^0 



dR*hdR* + dr*hdT* 
dR*hdR* + {-E-dR,h)dT* 
dR*hd{R* - T*) - / Edr\ 



(5.6) 



where the point {R^.Tq) is inside the event horizon t* = R* — and the point {RI,t^) 
is outside the horizon. Imaginary parts of the action can only come from the pole at the 
horizon, so that the second integration of (15.60 is real, which tells us that there is no temporal 
contribution in the dynamic Lemaitre coordinate system. Substituting Eq. (15. 3p into (15. 6p . 
then integrating around the pole R* — t* = AM/ 3 at the horizon leads to 



(Im/o)± 
(Im/o)+ 



Im 



E ± \/ [Mr* - r*)f' - {[MR 



2/3 



[MR* 



2/3 



AnME, (Im/o)_ = 0. 



-d{R* - T*) 

(5.7) 



9 



The probability of a particle tunneling from inside to outside the horizon is 

r [emission] ^ [_2(Im/+ - Im/_)] = exp [StcME] . (5.8) 
r[absorbtionJ 

We also obtain the correct Hawking temperature. 

From the above discussions, it is easy to see that, with the definition of the radiating particle 
energy (13.51) . the problem of the Hawking radiation in Kruskal-Szekers and dynamic Lemaitre 
coordinates is solved, and the Hawking temperature is invariant. 



VI. SUMMARY 

To study the Hawking radiation of a black hole in different coordinates, we learn from the 
formulism (11.11) that the key step is to define the energy of the radiating particles in different 
coordinates. By means of the Euler-Lagrangian equation and using the fact that ^^p'^ is a 
constant in coordinate transformations, we present an expression of the energy of the radiating 
particles: E = —^^p^. 

As examples, we study the Hawking temperature of the Schwarzschild black hole in the 
Kruskal-Szekers and dynamic Lemaitre coordinates using the definition of the energy of the 
particles. In these two coordinates, there are no coordinate singularities at the event horizon, 
and there is no inversion between time and space across the event horizon. We find that the 
Hawking temperature is invariant under these two dynamic coordinate representations. 
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